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A CHARACTERIZATION OF THE COMPLEMENTED
TRANSLATION-INVARIANT SUBSPACES OF H'(R)

DALE E. ALSPACH

ABSTRACT. The purpose of this paper is to characterize the complemented
translation-invariant subspaces of H' (R) in terms of the zero set of the Fourier
transform. It is shown that if X is such a subspace then X = I(4) where A
is in the ring generated by arithmetic progressions and lacunary sequences and
A is e-separated for some ¢ > 0. This proves a conjecture of the author and
D. Ulirich.

0. INTRODUCTION

This paper is essentially a continuation of [AU] where the problem of charac-
terizing the complemented translation-invariant subspaces of H ! (R) was con-
sidered. That paper depended heavily on the papers of Klemes [K] and Alspach
and Matheson [AM] where the complemented translation-invariant subspaces
of H 1(T), respectively, LI(R) were characterized. In [AU] it was shown that
if 4 is a closed set in the ring of sets generated by the arithmetic progressions
and lacunary sequences and A4 is &-separated for some ¢ > 0 then I(A) is
complemented in H' (R). It was also shown that the e-separation condition is
necessary for complementation. Here we will complete the characterization by
showing that the algebraic conditions are also necessary. The overall scheme is
similar to that used by Klemes but many technicalities are required to imple-
ment the scheme.

In [K] Klemes showed that a complemented translation-invariant subspace
of H' (T) has hull in the ring generated by arithmetic progressions and lacunary
sequences. (This is also sufficient for complementation.) Our main result is

Theorem 0.1. Let X # {0} be a translation-invariant subspace of H '(R). Then
X is complemented if and only if the hull of X is in the ring generated by
arithmetic progressions and lacunary sequences and there is some ¢ > 0 such
that the hull is e-separated.

Let us now fix some notational conventions and recall some basic definitions
which will be used in the paper. H l(R) denotes the subspace of Ll(R) of
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functions with Fourier transform equal to zeroon {t e R: 1 <0} and H 1(T)
denotes the subspace of L'(T) of functions with Fourier transform equal to
zeroon {n€Z: n<0}. HO1 (T) denotes the subspace of H’(T) of functions
with Fourier transform vanishing at zero. Let e,(s) = e"™ for s, 1€ R. The
pairing (f, g) with f€ L™(R) and g€ L'(R) will be

(f, 8= /f(—s)g(s) ds.

Thus g(7) = (e,, g) and if [ € L'(R) as well, fxg(0) = (f,g). We will
say that a subset 4 of R is e-separated if inf{|s —u|: s,ue€ A, s #u} >
¢ > 0. Q(R) will denote the ring of subsets of R generated by lacunary
sequences (possibly of finite length) and arithmetic progressions. By the term
arithmetic progression we mean a set of the form oZ + . Note that we do not
consider R itself to be in €,(R). We will use the notation /(A4) for both the
subspace of Ll(R) or Ll(T) of functions with transform vanishing on 4 and
its intersection with H l(R) or H l(T). If X is a translation-invariant subspace
of Ll(R), Z(X) will be the hull of X, i.e., {t: X(t) =0 forall x € X}. To
avoid writing some parentheses we will assume that the algebraic operations
take precedence over set theoretic operations, e.g., BUaZ+ f§ = BU((aZ)+ ).
Other standard notation and facts may be found in [K] or [Ru].

1. PRELIMINARIES

It was shown [AU, Theorem 2.3] that the hull of a complemented translation-
invariant subspace of H'(R) is ¢-separated for some ¢ > 0. In particular this
implies that such a subspace is /(A4) for A equal to the hull of the subspace.
In addition it is known that 4 must be close to a finite union of arithmetic
progressions. Precisely

Theorem 1.1 [AU, Theorem 3.5]. If I(A) is a complemented subspace of Hl(R)
then there is a number t© > 0 and a finite set F C [0, t) such that for every
6>0, AN[F +1{0,1,...} + (=6, )] has arbitrarily large gaps.

To get the more precise information about 4 which we require, it is useful
to change the problem into a multiplier problem on a different space. Let bR
denote the Bohr compactification of R and let

AN (bR) = {ue . #(bR): i (1)=0forall 1 <0} .
In [AU] it was proved that if /(A4) is complemented in Hl(R) then
F(A)={ueZ#(bR): u~ (1)=0forallt € 4}

is complemented in Z# (bR). Because bR is compact this projection may be
assumed to be translation-invariant. Because Klemes original argument can be
easily modified to apply to multipliers on #Z# (bR) we need only consider the
case where A fails to have arbitrarily large gaps.
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Throughout the paper 4 will denote a subset of R* and m will denote
the multiplier on ## (bR) such that (m*u)” =1 i, for all u € Z# (bR).
Further we will assume that

(a) There is an ¢ > 0 such that 4 is e-separated,

(b) There is a finite set F C R and a positive number 7 such that for every
0>0, A\[tZ+ F + (-3, 0)] has arbitrarily large gaps,

(c) There is a number x such that for any positive real number x,
[x,x+kK]lNA#D,

(d) For any p > 0 and x € R, AN pZ + x 1is a finite union of lacunary
sequences. More precisely

sup([v, 2y]NANpZ+ x| <{
y

where { depends only on ||m|| and |-| denotes cardinality.

All except (d) have been explained above. For this note that by [AU, Corol-
lary 2.11], AN pZ + x must be in Q,(pZ + x) and the proof shows that the
corresponding multiplier has norm which depends only on |m| . By Klemes
argument (See (13) of [K].) the norm of the multiplier gives rise to a bound on

sup|[y, 2y]N AN pZ + x|,
y

the parameter which measures the number of lacuna y sequences in a sequence
with large gaps. Because of (b) only subsets of 7Z+F can fail to have large gaps.
However tZ + F N A is the support of the transform of a bounded multiplier
and therefore can be removed.

Theorem 0.1 will follow immediately from the following result.

Theorem 1.2. 4 set A satisfying (a), (b), (¢) and (d) is not the hull of a comple-
mented translation-invariant subspace of ## (bR).

In order to simplify the notation and the proof let us note that we can without
loss of generality assume that 7 = 1 and F C [0, 1). Our first task is to get
an appropriate family of test measures for use in computing the norm of the
multiplier. To construct such measures we use the fact that there is a natural
image of R in AR and construct measures supported there.

Lemma 1.1. For every 6, 0 < d < 1/2, there is a positive measure 1 on bR
with ||u|| = 1 such that for all t e R
X l—|n—1t]/d if|n—1t| <3 forsomenecl,
5(1)= { 0 otherwise.
Proof. There is a positive measure v on 2xnZ with transform on T
X 1—t /6 if |t <d,
0= !
0 ifo<|y<1/2.
namely, the Fejér kernel. (See [Ru, p. 23] for the abstract construction.) Ob-

serve that the same measure considered on 27Z C bR has the required trans-
form. Q.E.D.
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The basic test function we will use is

Fy 5= (e_; Ky +e;Ky) * (2155 — 15)
where 4> ¢ >0 and
~ L=t /A if |t <4,
K- { L i<
0 otherwise.
Note that [|F; ;|| <6, and that
7 (t)—{ 1 iften-0,n+d] forsomeneZ,|n|<i-4,
A0S 0 if |t >340rtg(n—25,n+20) forallneZ.
The next lemma is essentially the same as [K, 2.4].
Lemma 1.2. If v is a positive measure on bR with support of ¥ C [—s, 5] for
some s >0, |[v| ,pp = 1. and {a;} is a sequence of N real numbers such
that a,—a,_, >s, forall i, then

!
N
e  <VF.
i=1

# (bR)

Proof.
N

2.,

=1

< =VN
M (bR) L'(v)

because fe(a ) dv=0if i#j. QED.

N
2.4
i=1

L*(v)

Observe that if / is an integer then

(e,Ky,) * 1y = (e,Ky;) + (e)lus) = e/ (Ky,; * ).
Therefore if {a,} CR and a, - a2 24 for all i # j, then
<6VN,

N
Zea,F/l,J
i=1 M (bR)

by applying Lemma 1.2 to the pieces of F IR

In place of the gaps used by Klemes we will use a measure of closeness to
arithmetic progressions. The next lemma shows that under the assumptions on
A the concentration near an arithmetic progression is low.

Lemma 1.3. For any y > 0 there is a A, such that for any A > A, there is a 4,
such that for all 6 <4,

Jorall p, 0<p<1.

Proof. Choose 4, such that y/{ > log, 4,/4, where ( is the constant from
assumption (d) above. Suppose the result is false for some A > 4,. Then for
each i€ N thereisa p, € [0, 1) such that

[[p, +{0, 1,2, ..., A= 1} +(=1/i, 1/D)]n 4| > 4y.
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By passing to a subsequence we may assume that the sequence p; converges to
p . It follows that

lp+40,1,2,...,A=1}+(=6,0)]NnA| >4y
for every 6 > 0. Because |AN[0, 4+ 1]| is finite,
[p+{0,1,2,...,4=1}INnA|l>4y.
On the other hand

|[p+{07 1,2, R al— 1}]mA|
log, 4 _ )
< S lp+zZnA/2t, 221N 4] < {log, 2. QED.
j=0

2. PROOF OF THE THEOREM

Our proof is similar to Klemes’ except that in place of [K, Lemma] which
yields the constant p = p(||m]|) in (6) of [K] we get p which depends on |m||
and on the maximum of the cardinalities of 4 and A4’. This then complicates
the application of the lemma in that we must establish that there are sufficiently
many terms to generate an estimate similar to (13) of [K].

Before we prove our lemma let us introduce some notation. Let 4 € N,
y € R, and let § € R such that 1/26 € N. Define

A, =Any+{0,1,...,24-1} +(kd, (k+1)9),
B, =Any+{-1,-2,..., -2} + (kd, (k +1)9)
for k=-1/6,...,-1,0,1,...,1/6-1. Let
N(y,zl,é)=sup{|AkUAk+l|:k=—1/26,...,—1,0, 1,...,1/26 - 1}
and
M(y,A,0)=sup{|B,UB, | :k=-1/20,...,-1,0,1,...,1/26 — 1}.

Also let us recall the solution of the Littlewood conjecture [MPS].

Theorem 2.1. There is a constant C > 0 such that if G is a compact group with
ordered dual then for any trigonometric polynomial f on G

N
I, = CY 1S @I/
i=1
where {y, <7y, <---<yy} IS the support of f

Whenever C is used in this paper it will be the constant appearing in Theo-
rem 2.1.
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Main Lemma. Let y € R, y € N such that y > 2A > k and 6 € R such
that 1/26 € N. Let m be a 0-1 valued multiplier on Z# (bR) with support
equal to A. Suppose that p > 4exp(6C~"|m||). If there exists r € N such that
277> 5 and

(1+p YNy, 4,6)> sup [Anly+p-2"",y+p+2i-27"]
lpl<2™!

then

M(y,24,6)>N(y,4,6)(1+p Y7 /(p2").

Proof. Let N = N(y,4,8), M=M(y,A,6),and g = (1+p )" /(p2").
Observe that the result is trivial if N < q_l so we assume that N > q'l .
Suppose the result is false for some y, 4 and J . The argument proceeds by
estimating the norm of the multiplier applied to a sequence of test functions.
Let k be the integer nearest to O such that |4, UA, | = N. Note that
|Ak+jUAk+j_1| < N+1 and |Bk+jUBk+j—l| <M+1<gN+1 forall j with
|j| < 1/26 . For notational convenience assume that k = 0.
For each integer n < log,(¢/26) let

L,=e,F, s»

and consider ||m*L,||. If n =0 and |4_,UA4,| < p_‘|A_l udy| = p~'N then
IB_,UB_ UB,UB UA_,UA,|<[2¢N+2+p 'N]1=Q,
(I 1 denotes the greatest integer function) and
mxL (a)=1 ifaed UuAd\(y+(-d,0)).

(JANny+(—=d, 0)| is at most one.) Thus even if all of the pointsin B_,UB_, U
ByuB,UA_,UA, precede the points in A4_, U 4, we get that

1) 2C10g<1+ (N_R/N_l>
2q+2N" +p

Q,+N | N -
|m=«L, | >C Z ;2Clog<1+

n=Q,+2 l
> Clog(l+p/4)>6|m|
!

(because N > gq
be the case that

and g < 1/2p). This contradicts the choice of p so it must

|A_,ud,|>p 'N.
Inductively assume that for k =2,3,..., n— 1 we have shown that

2 2o
U Ai U AI

l-:_ZAAI I=_2A~2

k_IN.

>(1+p " >(1+p "

Observe that because N > q_l , 1t follows that

AR

U 4

i=—2"""

X <a+p Yy ' N<p !




TRANSLATION-INVARIANT SUBSPACES OF H'(R) 203

Assume that n <r + 1 and consider L, . If

2" 2"
U 4l <a+pH| U 4
—2n! j=—2""2
then
/1 I 2n I
U B,U U A\ U A
i=—2""" j==2""" i=—2""?
<2"lgN+ 2" !
i==2""?
2"
<2l +p YT 40T 40T U 4
i——z"'2
S[2n—l—r(l_*_p—l)r—n+lp—l+2p 1
j==2""2
Note that
2"
m+L (a)=1 ifae |J 4, \(y+(-2"6.0).
j=—2""2

(ANy +(=2"6, 0) contains at most 1 point since 2" < ¢.) As before even
if all the points in

nl nl

U B,U U A\ U A,
l__2n I 2/1 1 [:_2;1—
precede the points in

we get that
|‘{l/n I /u-||
1 l%-]l_l
lm+L,> zzcnog[HQ—]
i=|%,_|+2 n
-1 — =1
> Clog |1 +[2" 1- (1 +p 1) n lp I+2p |] 1] Z;/ll
I n—||

>Clog(l+p/4)>6|m|,
if r > n — 1. This contradicts the choice of p so it must be the case that
211 I
U A,

L |

2"

U 4

j=—=2""1

-1 1

> ( (1+p )" 'N.
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Finally consider L, , . The estimate above shows that

2'—1

U 4,

=—2"

>(1+p 'YN> sup [Anly+p-2"",y+p+i-2""1.
lpl<2™!

Therefore all of the pointsin AN[y—2'6, y+A—1+2"6] are in the set where
Er 41 i1sequal to 1. (The p is needed in general because [4,U 4_,| may not
be equal to N, and then the resulting set is shifted.) This is a contradiction
and the lemma is proved. Q.E.D.

In order to utilize the Main Lemma we must show that we can use it itera-
tively. The next lemma shows that we can use the Main Lemma a large number
of times.

Lemma 2.1. Let K, N e N and let p > 1. Then there exists an n = n(K) e N
and positive integers K = K, > K, >K,> - >K, >0 and 1 <ry<r <r,<
- < r, such that

() K,,, <K,(1+p "7 yp2"), i=0,1,...,n,

(i) NK <K,(1+p~ "1, i=0,1,2,...,n,
and for fixed N and p,

(iii)) n - 00 as K — oo.
If n is also fixed,

(iv) liminf, K /K =a, >0.

Proof. Let P =1+ p_1 . Let / be the smallest integer such that P! > 2 let

s be the smallest integer such that P° > N, and let m be the smallest integer
such that P '>p.

We claim that (i) and (ii) will be satisfied if

(a) K,,, =[K,P""""™), i=0,1,...,n,and

) r,=(m+ 1)t +10's, i=0,1,2,...,n.
Because KI.P"_I/(p2") > K,.P"_'/(Pm_lP/r') , (a) implies (i). To prove (ii) we
use induction. For r, = s, (ii) is obvious.

Now assume (ii) holds for i — 1, then

r ro_=lr_ = ;
KPP =[K,_ PP
> Ki—lPr,_l—/r,_l—m+r/ _ Pr‘ > KNP~
by (ii) for i—1. We have that r,—[r,_, —m = 1, thus we need only show that
KNP — P'" > KN . This inequality is satisfied if KN > pP" .
To complete the proof of the lemma we need only observe that for any integer

n we can choose K; and r, for i=1,2,...,n if KN > pP" and that the
definition of the r;’s depends onlyon N and p. Q.E.D.

r A =l —m4r, _ Pr‘

We are now ready for the proof of Theorem 1.2.

Proof. As in the Main Lemma choose p > 1 such that Clog(1+p/4) > 6{m]| .
Fix n and N > 2k|F| and let a, = liminfK, /K from Lemma 2.1. By Lemma
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1.3 there is a 4, such that for any A > 4, thereisa J, such that forall < J,,
lp+10,1,2,...,24-1}+(=6,96)]NA4| < Aa,/N

forall p, 0 < p < 1. Choose K > A, as in Lemma 2.1 so that there are at
least n integers K, and K,/K > a,/2. We are given that for any J > 0 and
A €N thereisa y, € N such that

ANy, Yo+ A CF+{yg, yo+ 1, ...,y +A}+(=d,0).

Let A =inf{A € N: for every J > 0 there exists y € N and a € F such that
[ANy+a+{0,1,...,24-1}+(-0d, )| > K} . Note that 24 < k|F|K because
A satisfies (c). Choose ¢ > 0 such that

(%) lp+1{0,1,2,...,24~1}+(-6,0)]NnA| <ia,/N <K,/2
forall p, 0 < p< 1, and such that
8 <min{e2” """, g/2}.

We claim that there exist positive real numbers {y,: i =0, 1, ..., n} such
that

(1) ViZ Vi, t24 fori=0,1,2,...,n-1,

(2) if C,=Any,+{0,1,...,2A-1}+(-6,9), IC| =K,

3) ifC/=Any +{0,1,...,24—1}+ (=26, 26), IC/| < 2K,,
4)  ifD,=Any +{-1,-2,..., -2} +(=26,20), |D,}<2K,,
fE =A0y, +{24,24+1,...,44} + (=27, 20) ,

(5) |E| <2K,_,+1 fori>1.

Indeed, let y; be the smallest z, € R such that
[ANzy+a+{0,1,...,24-1}+(-0,0)| =K.
We know that such z, exist by the choice of 4. Let y, < yé + /2 such that
|Cyl = K. By the Main Lemma and () thereisa z, <y, — 24 such that
ANz, +{0,1,...,24=1}+(-6,9)| =K,.
Let y, be the infimum of such z, and y, < y| +4/2 such that |C,| = K| .
Again by the Main Lemma and (x) thereisa z, <y, — 24 such that
ANz, +{0,1,...,2A—1}+ (-4, 9)| =K,.
Let y; be the infimum of such z, and y, < y; +6/2 such that |C,| = K, .
Continuing in this way we can find a sequence y,, i =1, 2, ..., n, satisfying

(1) and (2). We claim that (3), (4), and (5) follow immediately from the choice
of the p,’s.
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Indeed, if |Ci'| > 2K, then there is a subinterval I of (—25; 25) of length

J such that
ANy, +{0,1,...,2A-1}+I| > K,
which implies that
[Any,=1+p+{0,1,...,2A-1}+ (-4, 9)| 2 K,,

where p is the midpoint of 7. This contradicts the choice of y,. The argu-
ments for (4) and (5) are similar.

Let L,‘:e/usz,a for i=0,1,2,...,n—1andlet L=} L,. By Lemma
1.2, |IL||, £ 6y/n. We will now estimate ||m  L||.

First observe that

suppm* L™ | JANy, +{-24, -2A+1,...,0,1,..., 42} + (=26, 26)
and that

m+xL"(a)=1 ifae|JAny,+{1,2,...,24- 1} +(=6,9).

Therefore by Theorem 2.1

N
m«Lj|>CY |mxL" (a)]/i™
i=1
where {a, < a, < --- < ay} is the support of m x L™ . Thus we get that

lm*L||>CY, Zj’:ﬁg’ 1/j where ¢, =2K, ,>|D, | and for i >2,

!

i—1
q; = Z6Kn—m +i-1 +4KV1—'
m=1

i—1
> D,_ | +1C,_ |+ S_UE,_ | +1D,_,,| +1C_, 1+ |E,_i| +D,_.|.
m=2

Note that

i—1 i
g<6y [[ +p™ ) 'p 27K, +i-1+4K,,

m=1 j=m+1

i-1 _

< (6 do@ep)"+ 5) K,  <I11K, ;.
m=1

Hence |m=L|| > CY_ log(1+K,_,/q;) > Cnlog(12/11). Because n was an

arbitrary positive integer, this contradicts the boundedness of m. Q.E.D.

We do not know whether these results can be extended to other locally com-
pact abelian groups with ordered dual. In view of [Ru, 8.1.5] it seems likely
that the characterization of the complemented translation-invariant subspaces
of H'(G) ={f¢€ L'(G): f(y) =0 forall y <0} can be reduced to the case of
G compact by using our results. As far as we know only the cases G =T or
R have been studied. In particular no characterization is known for G = T",
n > 2. (See [Ru, 8.1.7] for the definition of the order on Z" .)
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